The Geometry of Toric Hyperk\"ahler Varieties by Konno, Hiroshi
ar
X
iv
:0
70
9.
12
52
v1
  [
ma
th.
DG
]  
9 S
ep
 20
07
The Geometry of Toric Hyperka¨hler Varieties
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1
Abstract
In this survey article we describe the geometry of toric hyperka¨hler va-
rieties, which are hyperka¨hler quotients of the quaternionic vector spaces
by tori. In particular, we discuss the Betti numbers, the cohomology ring,
and variation of hyperka¨hler structures of these spaces with many improved
results and proofs.
1 Introduction
Let a compact Lie group G act on a hyperka¨hler manifold M , preserving its hy-
perka¨hler structure. Then we expect to define a quotient space ofM by the ‘quater-
nionification’ of G so that the quotient space is also hyperka¨hler. Although we do
not have a notion of ‘quaternionification’ of Lie groups, a hyperka¨hler quotient
was introduced as such a kind of things. In [HKLR] a hyperka¨hler quotient was
defined as an analogue of a quotient space in symplectic geometry. The geometry
of hyperka¨hler quotients is a mixture of geometry of hyperka¨hler manifolds and
symplectic quotients.
A hyperka¨hler structure is one of basic geometric structures in Riemannian ge-
ometry. A hyperka¨hler manifold is defined to be a Riemannian manifold whose
holonomy group is contained in Sp(n4 ), which is a group on Berger’s list of Rie-
mannian holonomy groups [Ber]. In other words, it is a Riemannian manifold with
three complex structures, which satisfies the quaternion relation, and the Rieman-
nian metric is Ka¨hler with respect to each complex structure. Thus a hyperka¨hler
structure is rather special. So hyperka¨hler manifolds have quite rich properties.
On the other hand, symplectic quotients also have rich properties. There are
many techniques to investigate the topology of compact symplectic quotients. In
particular, Kirwan proved the surjectivity of the Kirwan map, which is a map from
the equivariant cohomology of the original space to the ordinary cohomology of its
symplectic quotient. This enables one to compute the Betti numbers of symplectic
quotients [Ki]. Moreover, in many cases a symplectic quotient can be identified with
a quotient in geometric invariant theory (GIT for short). Due to this identification,
one can study these quotients from viewpoints of both symplectic and algebraic
geometry. Most fundamental examples are semi-projective toric varieties, which
are symplectic quotients of the complex vector spaces by tori.
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In this article we describe the geometry of toric hyperka¨hler varieties, intro-
duced by Bielawski and Dancer [BD]. A toric hyperka¨hler variety is defined to
be a hyperka¨hler quotient of the quaternionic vector space by a torus. It is a
non-compact hyperka¨hler variety on which a torus acts preserving its hyperka¨hler
structure. It is a hyperka¨hler analogue of, but different from an ordinary toric
variety. We explain fundamental results of toric hyperka¨hler varieties. We give
many improved statements and proofs, which cannot be found in literatures. We
refer the reader to [P] for further results for toric hyperka¨hler varieties.
In Sections 2 we define toric hyperka¨hler varieties and introduce basic notations.
In Section 3 we prove basic properties of toric hyperka¨hler varieties. First we
identify hyperka¨hler quotients with GIT quotients in our setting. Then we give
characterizations of semi-stable points and closed orbits, which are very useful in
this article. A toric hyperka¨hler variety has a parameter, which is shown to corre-
spond to the period of its hyperka¨hler structure. Then we introduce natural mor-
phisms between toric hyperka¨hler varieties with different parameters, influenced
by [Kr, N1]. Then we show that a quotient for a generic parameter is an orbifold,
and that its topology is independent of the parameter. A quotient for a certain
parameter may have singularities which are worse than orbifold singularities.
In Section 4 we study the topology of toric hyperka¨hler varieties for generic
parameters. Although a projective toric variety is determined by a convex polytope,
a toric hyperka¨hler variety is determined by an arrangement of hyperplanes. We
describe the Betti numbers and the cohomology ring in terms of the arrangement
of hyperplanes, based on the works [BD] and [Ko1] respectively. We also describe
another computation due to [HS], where a toric hyperka¨hler variety is shown to be
homotopy equivalent to a certain non-compact ordinary toric variety. We give a
new proof of this homotopy equivalence. We also give another useful presentation
of the cohomology ring, which is a simplification of the one in [Ko1]. In the case
of hyperka¨hler quotients we have an analogue of the Kirwan map, but it is not yet
known whether it is surjective or not in general. The above computation shows
that the analogue of the Kirwan map is surjective in the case of toric hyperka¨hler
varieties.
In Section 5 we give two examples, which illustrate the results in other sections.
In Section 6 we describe how a toric hyperka¨hler variety changes according
to its period. In particular, we show that the so called wall-crossing phenomena
are described as Mukai flops, which are special bimeromorphic transformations
for hyperka¨hler varieties. We give a proof of this result using the technical tools
developed in Section 3. This simplifies the proofs in [Ko3].
The author would like to thank the organizers for the exciting workshop ‘Toric
Topology Conference 2006’ at Osaka City University.
2 Toric hyperka¨hler varieties
Let HN be the quaternionic vector space with the standard hyperka¨hler structure
(g, I1, I2, I3). Here g is the standard Riemannian metric on HN ∼= R4N , and the
three complex structures I1, I2, I3 are defined by the left multiplication by I1, I2, I3,
which are the standard generators of the quaternion H. From now on we identify
ξ ∈ HN with (z, w) ∈ CN × CN by ξ = z + wI2. The real torus TN = {ζ =
(ζ1, . . . , ζN ) ∈ CN | |ζi| = 1} acts on HN by (z, w)ζ = (zζ, wζ−1), preserving its
hyperka¨hler structure. Let K be a connected subtorus of TN with the Lie algebra
2
k ⊂ tN . Then we have the following exact sequences;
0 −→ k ι−→ tN π−→ tn −→ 0,
0 ←− k∗ ι
∗
←− (tN )∗ π
∗
←− (tn)∗ ←− 0,
where tn = tN/k is the Lie algebra of the quotient torus T n = TN/K. The action
of K on HN admits a hyperka¨hler moment map
µ = (µ1, µ2, µ3) : HN → k∗ ⊗ R3,
which is given by
µ1(z, w) = π
N∑
i=1
(|zi|2 − |wi|2)ι∗ui,
(µ2 +
√−1µ3)(z, w) = −2π
√−1
N∑
i=1
ziwiι
∗ui,
where {u1, . . . , uN} ⊂ (tN )∗ is the dual basis of the standard basis {X1, . . . , XN} ⊂
tN . Note that the complex moment map µC = µ2 +
√−1µ3 : HN → k∗C is holo-
morphic with respect to I1, where kC is the complexification of the Lie algebra k.
Then Bielawski and Dancer introduced the following.
Definition 2.1 [BD] A toric hyperka¨hler variety X(α, β) is a hyperka¨hler quotient
µ−1(α, β)/K for (α, β) ∈ k∗ × k∗
C
.
Remark 2.2 Toric hyperka¨hler varieties are sometimes called ‘hypertoric vari-
eties’ [P]. They are just the same objects.
A smooth part of X(α, β) is a 4n-dimensional hyperka¨hler manifold. We denote
its hyperka¨hler structure by (g, I1, I2, I3) again. The torus T
n = TN/K acts on
X(α, β), preserving its hyperka¨hler structure. Note that toric hyperka¨hler vari-
eties are not toric varieties in the ordinary sense, but the corresponding objects in
hyperka¨hler geometry to them.
Bielawski gave an intrinsic characterization of toric hyperka¨hler manifolds as
follows.
Theorem 2.3 [Bi] Let M be a complete connected hyperka¨hler manifold of dimen-
sion 4n. Suppose that the torus T n acts onM effectively, preserving the hyperka¨hler
structure, and that M has Euclidean volume growth. Then M is isomorphic to one
of toric hyperka¨hler manifolds in the sense of Definition 2.1 as a hyperka¨hler T n-
manifold.
3 Holomorphic descriptions
A toric hyperka¨hler variety X(α, β) = µ−11 (α) ∩ µ−1C (β)/K can be considered as a
symplectic quotient of µ−1
C
(β) by the torus K. In many cases symplectic quotients
can be identified with GIT quotients. In this section we describe this identification
and apply it to prove basic properties of toric hyperka¨hler varieties.
3
3.1 Symplectic and GIT quotients
Let tN
Z
=
∑N
i=1 ZXi and (t
N
Z
)∗ =
∑N
i=1 Zui be the lattices in t
N and (tN )∗ re-
spectively. We also set kZ = k ∩ tNZ and k∗Z = HomZ(kZ,Z). The element α ∈ k∗Z
induces the character χα : KC → C×, where KC is the complexfication of K. Let
L⊗m = HN × C be the trivial holomorphic line bundle on which KC acts by
((z, w), v)mζ = ((zζ, wζ
−1), vχα(ζ)m)m.
Let us consider the GIT quotient of the affine variety µ−1
C
(β) byKC with respect
to the linearization induced by α ∈ k∗
Z
. Recall that a point (z, w) ∈ µ−1
C
(β) is α-
semi-stable if and only if there exists m ∈ Z>0 and a polynomial f(p, q), where
p, q ∈ CN , such that f((p, q)ζ) = f(p, q)χα(ζ)m for any ζ ∈ KC and f(z, w) 6= 0.
We denote the set of α-semi-stable points in µ−1
C
(β) by µ−1
C
(β)α−ss. Then we have
a categorical quotient φ : µ−1
C
(β)α−ss → µ−1
C
(β)α−ss//KC. Here we summarize the
properties of categorical quotients. We refer the reader to [Do, MFK] for the proof.
Lemma 3.1 For any point p ∈ µ−1
C
(β)α−ss//KC, the fiber φ−1(p) consists of
finitely many KC-orbits. Moreover, each fiber contains the unique closed KC-orbits
in µ−1
C
(β)α−ss. Thus the categorical quotient µ−1
C
(β)α−ss//KC can be identified
with a set of closed KC-orbits in µ
−1
C
(β)α−ss.
Define a Hermitian metric on the holomorphic line bundle L⊗m = HN × C
by ||((z, w), v)m|| = |v|e−pi2m(|z|2+|w|2). It induces the Chern connection ∇⊗m on
L⊗m. Note that the first Chern form c1(∇⊗m) = mω1, where ω1 ∈ Ω2(HN) is
the standard Ka¨hler form with respect to I1. Since the action of the real torus
K on L⊗m preserves the holomorphic structure and the Hermitian metric, it also
preserves the Chern connection ∇⊗m. Let us introduce the following function. Fix
(z, w) ∈ HN . Then define l(z,w) : KC → R by
l(z,w)(ζ) =
1
2π
log
||((z, w), v)−1ζ||
||((z, w), v)−1|| .
In particular, for X ∈ k and t ∈ R, we have
l(z,w)(Exp
√−1tX) = 〈α, tX〉
+
1
4
N∑
i=1
|zi|2e−4π〈ui,tX〉 + 1
4
N∑
i=1
|wi|2e4π〈ui,tX〉 − 1
4
(|z|2 + |w|2), (3.1)
where Exp: kC → KC is the exponential map. Then we have the following.
Lemma 3.2 (1) l(z,w) is a convex function.
(2) ζ is a critical point if and only if µ1((z, w)ζ) = α.
(3) All critical points are minima of l(z,w).
(4) The following (i), (ii) and (iii) are equivalent:
(i) (z, w) ∈ µ−1
C
(β)α−ss and the KC-orbit through (z, w) is closed in µ−1C (β)
α−ss.
(ii) (z, w)KC ∩ µ−11 (α) 6= ∅.
(iii) l(z,w) attains a minimum.
Proof. A direct computation shows
d
dt
l(z,w)(Exp
√−1tX)|t=t0 = 〈α− µ1((z, w)Exp
√−1t0X), X〉,
d2
dt2
l(z,w)(Exp
√−1tX)|t=t0 = |X∗|2at (z, w)Exp√−1t0X ,
(3.2)
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where X∗ is a vector field on µ−1
C
(β) induced by X ∈ k. Then it is easy to see (1),
(2) and (3). We refer the reader to [N2] for the proof of (4). ✷
By using Lemmas 3.1 and 3.2, we can show the following.
Proposition 3.3 If we fix α ∈ k∗
Z
, then the natural map ι : X(α, β)→ µ−1
C
(β)α−ss//KC
is a homeomorphism.
Thus we can identify the symplectic quotient (X(α, β), I1) with the GIT quotient
µ−1
C
(β)α−ss//KC. This principle was established in [KN, MFK] in the case of
projective quotients. The above version is proved in [N2].
3.2 Characterization of semi-stable points and closed orbits
The following technical lemma will be very useful in this article.
Lemma 3.4 Suppose that α ∈ k∗
Z
.
(1) A point (z, w) ∈ µ−1
C
(β) is α-semi-stable if and only if
α ∈
N∑
i=1
R≥0|zi|2ι∗ui +
N∑
i=1
R≥0|wi|2(−ι∗ui). (3.3)
(2) Suppose (z, w) ∈ µ−1
C
(β)α−ss. Then the KC-orbit through (z, w) is closed in
µ−1
C
(β)α−ss if and only if
α ∈
N∑
i=1
R>0|zi|2ι∗ui +
N∑
i=1
R>0|wi|2(−ι∗ui). (3.4)
Proof. (1) Suppose (z, w) ∈ µ−1
C
(β)α−ss. Then there exists m ∈ Z>0 and a
polynomial f(p1, . . . , pN , q1, . . . qN ) such that f((p, q)ζ) = f(p, q)χα(ζ)
m for any
ζ ∈ KC and f(z, w) 6= 0. So there exists a monomial f0(p, q) =
∏N
i=1 p
ai
i
∏N
i=1 q
bi
i ,
where ai, bi ∈ Z≥0, such that f0((p, q)ζ) = f0(p, q)χα(ζ)m and f0(z, w) 6= 0. The
second condition implies that ai = 0 if zi = 0, and bi = 0 if wi = 0. Moreover, the
first condition implies mα =
∑N
i=1 aiι
∗ui +
∑N
i=1 bi(−ι∗ui). Thus we proved (3.3).
Suppose that (3.3) holds. Then there exists m ∈ Z>0 and ai, bi ∈ Z≥0 such
that mα =
∑N
i=1 aiι
∗ui+
∑N
i=1 bi(−ι∗ui) and such that ai = 0 if zi = 0, and bi = 0
if wi = 0. Then the monomial f0(p, q) =
∏N
i=1 p
ai
i
∏N
i=1 q
bi
i satisfies f0((p, q)ζ) =
f0(p, q)χα(ζ)
m and f0(z, w) 6= 0. Therefore we have (z, w) ∈ µ−1C (β)α−ss.
(2) Suppose that the KC-orbit through (z, w) is closed in µ
−1
C
(β)α−ss. Then, by
Lemma 3.2, there exists ζ ∈ KC such that α = µ1((z, w)ζ). Moreover, we have
µ1((z, w)ζ) ∈
∑N
i=1R>0|zi|2ι∗ui +
∑N
i=1R>0|wi|2(−ι∗ui). This implies (3.4).
Suppose that (3.4) holds. By Lemma 3.2, we have only to show that l(z,w)
attains a minimum. We claim that
lim
t→∞
l(z,w)(Exp
√−1tX) 6=∞ if and only if X ∈ k(z,w), (3.5)
where k(z,w) is the Lie algebra of the isotropy subgroup K(z,w) of K at (z, w).
In fact, by (3.1), the condition lim
t→∞
l(z,w)(Exp
√−1tX) 6= ∞ implies the following
conditions (i) and (ii);
(i) 〈α,X〉 ≤ 0,
(ii) 〈ui, X〉 ≥ 0 if zi 6= 0, and 〈ui, X〉 ≤ 0 if wi 6= 0.
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Due to the assumption (3.4), (ii) implies 〈α,X〉 ≥ 0. Due to (i), we conclude that
〈ui, X〉 = 0 if zi 6= 0, and that 〈ui, X〉 = 0 if wi 6= 0. This implies that X ∈ k(z,w).
On the other hand, it is easy to see that, if X ∈ k(z,w), then l(z,w)(Exp
√−1tX) is
independent of t ∈ R. Thus we proved the claim (3.5). Then, using the convexity
of l(z,w), we can easily show that l(z,w) attains a minimum. ✷
By this lemma the notion of α-semi-stability is defined for any α ∈ k∗. Namely, a
point (z, w) ∈ µ−1
C
(β) is defined to be α-semi-stable if and only if
α ∈
N∑
i=1
R≥0|zi|2ι∗ui +
N∑
i=1
R≥0|wi|2(−ι∗ui)
for any α ∈ k∗. Moreover, since the above argument works for any α ∈ k∗, we can
identify a toric hyperka¨hler variety (X(α, β), I1) with µ
−1
C
(β)α−ss//KC for any
α ∈ k∗.
Applying this lemma to the case α = 0 ∈ k∗, we have µ−1
C
(β)0−ss = µ−1
C
(β).
So the toric hyperka¨hler variety X(0, β) = µ−1
C
(β)//KC is an affine variety.
3.3 Natural Morphisms
The inclusion µ−1
C
(β)α−ss ⊂ µ−1
C
(β) induces a natural morphism from a GIT quo-
tient µ−1
C
(β)α−ss//KC to an affine quotient µ−1C (β)//KC, which we denote by
π1 : (X(α, β), I1)→ (X(0, β), I1).
If we denote X(α, β) by X(α1, α2, α3), where (α, β) = (α1, α2 +
√−1α3), then the
natural morphism is written as π1 : (X(α1, α2, α3), I1) → (X(0, α2, α3), I1). By
rotating the complex structures I1, I2 and I3 cyclically, we also have the natural
morphisms
π2 : (X(α1, α2, α3), I2)→ (X(α1, 0, α3), I2),
π3 : (X(α1, α2, α3), I3)→ (X(α1, α2, 0), I3).
The following is a basic property of the natural morphisms, which will be useful in
the next section.
Proposition 3.5 The natural morphism π1 : (X(α, β), I1)→ (X(0, β), I1) is proper
and surjective for any (α, β) ∈ k∗ × k∗
C
.
Proof. First we prove that π1 is proper. Suppose the contrary. Namely, there exists
a compact set S ⊂ X(0, β) such that π−11 (S) ⊂ X(α, β) is non-compact. Then we
can take a sequence {p(i)} ⊂ µ−1(α, β) such that [p(i)] ∈ π−1(S) and ||p(i)|| → ∞.
If we set p′(i) =
p(i)
||p(i)|| ∈ µ−1(
α
||p(i)||2 ,
β
||p(i)||2 ), then we may assume that {p′(i)}
converges to p′(∞) ∈ HN . Then we have ||p′(∞)|| = 1 and p′(∞) ∈ µ−1(0, 0).
On the other hand, we can take q(i) ∈ µ−1(0, β) such that π1([p(i)]) = [q(i)].
Since {[q(i)]} ⊂ S, {q(i)} is bounded in µ−1(0, β). If we set q′(i) =
q(i)
||p(i)|| ∈
µ−1(0, β||p(i)||2 ), then {q′(i)} converges to (0, 0) ∈ HN . Let π′1 : X(
α
||p(i)||2 ,
β
||p(i)||2 )→
X(0, β||p(i)||2 ) be the natural morphism. Since π
′
1([p
′
(i)]) = [q
′
(i)], we have q
′
(i) ∈
p′(i)KC. Therefore we can take {ζ(i)} ⊂ KC such that {p′(i)ζ(i)} converges to (0, 0).
Then we can show that {p′(∞)ζ(i)} converges to (0, 0). So we have (0, 0) ∈ p′(∞)KC.
However, since p′(∞) ∈ µ−1(0, 0), we have p′(∞)KC = p′(∞)KC. Therefore we
have p′(∞) = (0, 0). This contradicts to ||p′(∞)|| = 1.
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Surjectivity of the map π1 will be proved at the end of Subsection 4.1. ✷
The above proof is essentially the same as the one in [Kr, N1], where the similar
result is proved in the case of quiver varieties. See also [Ao] for the proof.
Let (k∗ × k∗
C
)reg be the set of regular values of the hyperka¨hler moment map
µ = (µ1, µC) : HN → k∗ ⊗ R3 ∼= k∗ × k∗C. Denote the isotropy subgroup of K at
(z, w) ∈ HN by K(z,w). Set
Λ = {K(z,w) | (z, w) ∈ HN},
Λ(d) = {H ∈ Λ | dimH = d} for d = 0, . . . , N − n.
We write Λ(1) = {H(1)1 , . . . , H(1)l }. The subspace of codimension one
Ws = {v ∈ k∗ | 〈v,LieH(1)s 〉 = 0} ⊂ k∗
is called a wall. Note that the wall Ws is spanned by {ι∗ui | 〈ι∗ui,LieH(1)s 〉 = 0}.
Moreover, we have the following.
Proposition 3.6 (1) (k∗ × k∗
C
)reg = k
∗ × k∗
C
\⋃ls=1Ws ⊗WsC
(2) If (α, β) ∈ (k∗ × k∗
C
)reg, then X(α, β) is an orbifold.
(3) If (0, β) ∈ (k∗ × k∗
C
)reg, then π1 : (X(α, β), I1) → (X(0, β), I1) is a biholomor-
phic map for any α ∈ k∗.
(4) If (α, β) ∈ (k∗ × k∗
C
)reg, then every KC-orbit is closed in µ
−1
C
(β)α−ss. So the
categorical quotient µ−1
C
(β)α−ss//KC is a geometric quotient µ−1C (β)
α−ss/KC.
(5) The topology of X(α, β) is independent of (α, β) as far as (α, β) ∈ (k∗×k∗
C
)reg.
That is, all the X(α, β) are diffeomorphic to each other as far as (α, β) ∈ (k∗ ×
k∗
C
)reg. The diffeomorphisms are given by compositions of natural morphisms.
Proof. (1) Let f : H→ R×C be a map defined by f(a, b) = (π(|a|2−|b|2),−2π√−1ab).
We can easily observe that (a, b) ∈ C×C ∼= H is a regular point of f if and only if
(a, b) 6= (0, 0). Since (dµK)(z,w) =
∑N
i=1(df)(zi,wi) ⊗ ι∗ui ∈ k∗ × k∗C, (z, w) ∈ HN is
a critical point of µK if and only if span{ι∗ui | (zi, wi) 6= (0, 0)} & k∗. This implies
(1).
(2) is clear. We omit the proof.
(3) If (0, β) ∈ (k∗×k∗
C
)reg, then span{ι∗ui | ziwi 6= 0} = k∗ for any (z, w) ∈ µ−1C (β).
By Lemma 3.4, we have µ−1
C
(β)α−ss = µ−1
C
(β). So we have proved (3).
(4) Suppose the contrary. Namely, there exists (z, w) ∈ µ−1
C
(β)α−ss such that
(z, w)KC is not closed in µ
−1
C
(β)α−ss. Then there exists (z′, w′) ∈ (z, w)KC ∩
µ−1
C
(β)α−ss such that (z′, w′)KC is closed in µ−1C (β)
α−ss. By Lemma 3.2 we may
assume (z′, w′) ∈ µ−1(α, β). Since dimK(z′,w′) ≥ 1, we can easily see that (z′, w′)
is a critical point of µ. Therefore (α, β) is a critical value of µ. This is a contra-
diction.
(5) We denote X(α, β) by X(α1, α2, α3), where (α, β) = (α1, α2 +
√−1α3). Take
(α1, α2, α3), (α
′
1, α
′
2, α
′
3) ∈ (k∗ × k∗C)reg. We have to show that X(α1, α2, α3) is
diffeomorphic to X(α′1, α
′
2, α
′
3). By Lemma 3.4, we may assume that (0, 0, α3) and
(0, α′2, 0) are in (k
∗×k∗
C
)reg. Then X(α1, α2, α3) is diffeomorphic to X(α
′
1, α2, α3),
because (0, α2+
√−1α3) ∈ (k∗×k∗C)reg. By rotating I1, I2 and I3 cyclically, we see
that X(α′1, α2, α3) is diffeomorphic to X(α
′
1, α
′
2, α3) and also that X(α
′
1, α
′
2, α3) is
diffeomorphic to X(α′1, α
′
2, α
′
3). Thus we finish the proof. ✷
It is easy to see when a toric hyperka¨hler orbifold X(α, β) is a manifold.
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Proposition 3.7 Fix (α, β) ∈ (k∗×k∗
C
)reg. Then the subtorusK acts on µ
−1(α, β)
freely if and only if
tNZ = kZ +
∑
i6∈J
ZXj as a Z-module (3.6)
holds for any J ⊂ {1, . . . , N} such that {ι∗ui | i ∈ J} forms a basis of k∗.
See [Ko1] for the proof. Note that (3.6) is the condition for the subtorus K. It is
independent of (α, β).
4 Topology
In this section we discuss the topology of toric hyperka¨hler orbifolds, based on the
works [BD, Ko1, HS]. It describes similarities and differences between the topology
of ordinary toric orbifolds and toric hyperka¨hler orbifolds very well.
4.1 The Core
Let Θ be the set of all maps from {1, . . . , N} to {1,−1}. For each ǫ ∈ Θ, we define
Vǫ = {(z, w) ∈ HN | wi = 0 if ǫ(i) = 1, and zi = 0 if ǫ(i) = −1 for i = 1, . . . , N}.
Note that Vǫ ∼= CN and Vǫ ⊂ µ−1C (0). If we fix α ∈ k∗, then
Mǫ(α) = {Vǫ ∩ µ−11 (α)}/K ⊂ X(α, 0)
is an ordinary toric variety. Moreover, we set
Θcpt(α) = {ǫ ∈ Θ | Mǫ(α) is compact}.
Then we have the following.
Proposition 4.1 Fix α ∈ k∗. Let π1 : X(α, 0)→ X(0, 0) be the natural morphism.
Then the following holds.
(1) π−11 ([0, 0]) is a T
n-equivariant deformation retract of X(α, 0).
(2) In addition, suppose that ι∗ui 6= 0 for any i = 1, . . . , N . Then we have
π−11 ([0, 0]) =
⋃
ǫ∈Θcpt(α)
Mǫ(α).
Proof. (1) Define a C×-action on X(α, 0) by [z, w]s = [sz, sw] for s ∈ C× and
(z, w) ∈ µ−1
C
(0)α−ss. We also define a C×-action on X(0, 0) in a similar way. Then
the natural morphism π1 : (X(α, 0), I1) → (X(0, 0), I1) is (C× × T n)-equivariant.
So, if we define a 1-parameter transformation group {φ˜t} of X(α, 0) by φ˜t([z, w]) =
[e−tz, e−tw], then the map φ˜t : X(α, 0) → X(α, 0) is T n-equivariant. Similarly,
we can also define a 1-parameter transformation group {φt} of X(0, 0), which is
T n-equivariant. Since [0, 0] is the unique fixed point in X(0, 0) for the C×-action,
we have
lim
t→∞
π1(φ˜t([z, w])) = lim
t→∞
φt(π1([z, w])) = [0, 0]
for any [z, w] ∈ X(α, 0). Thus we see that π−11 ([0, 0]) is a T n-equivariant deforma-
tion retract of X(α, 0).
(2) Suppose that π1([z, w]) = [0, 0], that is,
(0, 0) ∈ (z, w)KC = {(zζ, wζ−1) | ζ ∈ KC}.
8
Therefore, we have ziwi = 0 for i = 1, . . . , N . We also have X =
∑N
i=1 aiXi ∈ k
such that ai > 0 if zi 6= 0, and ai < 0 if wi 6= 0. Since ι∗uj 6= 0 for any j = 1, . . . , N ,
we may assume that aj 6= 0 for any j = 1, . . . , N . If we define ǫ ∈ Θ by ǫ(i) = 1 if
ai > 0, and ǫ(i) = −1 if ai < 0, then we have (z, w) ∈ Vǫ and π1(Mǫ) = [0, 0]. By
Lemma 3.5, Mǫ(α) is compact. So we have π
−1
1 ([0, 0]) ⊂
⋃
ǫ∈Θcpt(α)Mǫ(α). By a
similar argument we have π−11 ([0, 0]) ⊃
⋃
ǫ∈Θcpt(α)Mǫ(α). ✷
Remark 4.2 If ι∗uN = 0, then we have K ⊂ TN−1 and X(α, 0) is decomposed
into the product of a lower dimensional toric hyperka¨hler variety and H. Therefore
the assumption of Proposition 4.1 can be dropped easily if we slightly change the
statement. See [BD, HS] and the next subsection for detail.
By Proposition 4.1 we call the set π−11 ([0, 0]) the core of the toric hyperka¨hler
orbifold X(α, 0). The above proof of (1) is based on the argument in [Kr, N1],
where the similar result is proved in the case of quiver varieties. Bielawski and
Dancer proved (1) and (2) in a slightly different formulation [BD].
Proof of Proposition 3.5. Let us prove the surjectivity of the natural morphism
π1 : X(α, β) → X(0, β). Take an arbitrary point (a, b) ∈ µ−1(0, β). If we set
W =
∑N
i=1 R|ai|2ι∗ui +
∑N
i=1R|bi|2(−ι∗ui) ⊂ k∗, then we have
W = {v ∈ k∗ | 〈v, k(a,b)〉 = 0}, (4.1)
where k(a,b) = LieK(a,b) ⊂ k is the Lie algebra of the isotropy subgroupK(a,b) ⊂ K
at (a, b). Set J = {i | ι∗ui 6∈ W}. Since ai = bi = 0 for any i ∈ J , by Lemma 3.4,
we have 0 ∈∑i6∈J R>0|ai|2ι∗ui +∑i6∈J R>0|bi|2(−ι∗ui). Therefore we have
W =
∑
i6∈J
R>0|ai|2ι∗ui +
∑
i6∈J
R>0|bi|2(−ι∗ui). (4.2)
On the other hand, α ∈ k∗ induces α ∈ (k(a,b))∗. Let X(α, 0) and X(0, 0) be
hyperka¨hler quotients of HJ = {(z, w) ∈ HN | zi = wi = 0 for any i 6∈ J} by K(a,b)
at (α, 0), (0, 0) ∈ (k(a,b))∗ × (k(a,b)C)∗ respectively. Let π1 : X(α, 0) → X(0, 0) be
the natural morphism. By the proof of Proposition 4.1 (2) we can take a point
[c, d] ∈ (π1)−1([0, 0]), where (c, d) ∈ HJ . Namely, we have (0, 0) ∈ (c, d)K(a,b). If
we set (z, w) = (a, b)+(c, d) ∈ HN , then we have (a, b) ∈ (z, w)K(a,b). It is obvious
that (z, w) ∈ µ−1
C
(β). Moreover, we have
α ∈
∑
i∈J
R≥0|ci|2ι∗ui +
∑
i∈J
R≥0|di|2(−ι∗ui), (4.3)
where ι : k(a,b) → tJ is the natural inclusion and tJ = span{Xi | i ∈ J} ⊂ tN .
Therefore, by (4.1), (4.2) and (4.3), we have (z, w) ∈ µ−1
C
(β)α−ss. Thus we proved
π1([z, w]) = [a, b]. ✷
4.2 The Betti Numbers and the Cohomology Rings
By Proposition 4.1, to study the topology of a toric hyperka¨hler orbifold X(α, 0),
it is enough to study the topology of its core. To do this, the action of the quotient
torus plays an important role. Actually Bielawski and Dancer computed the Betti
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numbers [BD], and the author determined the cohomology ring [Ko1] by using it.
In this section we review these results.
Fix (α, 0) ∈ (k∗ × k∗
C
)reg. First we describe the hyperka¨hler moment map
µTn = (µTn,1, µTnC) : X(α, 0)→ (tn)∗ ⊗ R3 ∼= (tn)∗ × (tnC)∗
for the action of the quotient torus T n = TN/K on X(α, 0). Fix h ∈ (tN )∗ such
that ι∗h = α. Then the hyperka¨hler moment map µTn : X(α, 0) → (tn)∗ ⊗ R3 is
given by
µTn,1([z, w]) = π
N∑
i=1
(|zi|2 − |wi|2)ui − h ∈ (tn)∗ ⊂ (tN )∗,
µTnC([z, w]) = −2π
√−1
N∑
i=1
ziwiui ∈ (tnC)∗ ⊂ (tNC )∗.
Note that µTN ,1(z, w) − h ∈ Ker{ι∗ : (tN )∗ → k∗} = Im{π∗ : (tn)∗ → (tN )∗}.
Similarly, we have −2π√−1∑Ni=1 ziwiui ∈ Ker ι∗ ⊗ C = Im π∗ ⊗ C.
We define a hyperplane Fi ⊂ (tn)∗ by
Fi = {p ∈ (tn)∗|〈π∗p+ h,Xi〉 = 0} for i = 1, . . . , N .
We note that Fi = ∅ if π(Xi) = 0, because we assume (α, 0) ∈ (k∗ × k∗C)reg. Let
Θ be the set of all maps from {1, . . . , N} to {1,−1} as in the last section. Then
these hyperplanes divide (tn)∗ into a finite number of polyhedra {∆ǫ|ǫ ∈ Θ}, where
∆ǫ ∈ (tn)∗ is defined by
∆ǫ = {p ∈ (tn)∗|ǫ(i)〈π∗p+ h,Xi〉 ≥ 0 for any i = 1, . . . , N}.
We note that some ∆ǫ may be empty. Then we have the following lemma.
Lemma 4.3 [z, w] ∈ µ−1Tn(∆ǫ, 0) if and only if (z, w) ∈ Vǫ ∩ µ−11 (α). Namely,
Mǫ(α) = µ
−1
Tn(∆ǫ, 0) holds.
Proof. First we note that [z, w] ∈ µ−1Tn((tn)∗, 0) if and only if ziwi = 0 for all
i = 1, . . . , N . If we set p = µTn,1([z, w]), we have
〈π∗p+ h,Xi〉 = π(|zi|2 − |wi|2) for i = 1, . . . , N .
Then the lemma follows. ✷
We want to study the topology of the core. Note that each component of the
core is an ordinary toric orbifold, even if we do not assume that ι∗ui 6= 0 for any
i = 1, . . . , N . So we have to investigate how these components intersect to each
other. This is described by the polyhedral complex, which is define by
C(X(α, 0)) = {σ | σ is a compact face of a polyhedron ∆ǫ for some ǫ ∈ Θ}.
It should be remarked that, to define C(X(α, 0)), we need h ∈ (tN )∗ such that
ι∗h = α. However, C(X(α, 0)) is determined by α up to parallel translation. So we
use this notation.
Note that the polyhedral complex C(X(α, 0)) is determined by the hyperplanes
F1, . . . , FN . Therefore, the cohomology of the toric hyperka¨hler orbifold X(α, 0)
is described in terms of the hyperplanes F1, . . . , FN or the polyhedral complex
C(X(α, 0)). In fact, we have the following.
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Theorem 4.4 [BD] Fix (α, 0) ∈ (k∗×k∗
C
)reg. Let dk be the number of k-simplexes
of the polyhedral complex C(X(α, 0)). Then the Poincare´ polynomial Pt(X(α, 0))
is given by
Pt(X(α, 0)) =
n∑
k=0
dk(t
2 − 1)k.
Note that the Poincare´ polynomial of an ordinary toric orbifold is the same form if
we replace C(X(α, 0)) by the convex polytope associated to the toric orbifold. See
Section 4.5 in [Ful].
In Proposition 3.7 we stated the condition so that X(α, β) is a smooth manifold
for (α, β) ∈ (k∗ × k∗
C
)reg. Recall the condition is the one for the subtorus K, and
independent of (α, β). Under the condition µ−1(α, β) can be viewed as a principal
K-bundle on X(α, β). Let Li be a line bundle on X(α, β) associated the character
ι∗ui of K for i = 1, . . . , N .
Lemma 4.5 Suppose that ∆ǫ ∩ Fi is a face of ∆ǫ of codimension one. Then the
homology class represented by µ−1Tn(∆ǫ ∩Fi, 0) is the Poincare´ dual of ǫ(i)c1(Li) in
Mǫ(α).
Proof. Suppose [z, w] ∈ µ−1Tn((tn)∗, 0). Then [z, w] ∈ Fi if and only if zi = wi = 0.
Then we have
µ−1Tn(∆ǫ ∩ Fi, 0) =
{
{[z, w] ∈Mǫ(α) | zi = 0} if ǫ(i) = 1,
{[z, w] ∈Mǫ(α) | wi = 0} if ǫ(i) = −1.
Note that the divisor defined by the equation zi = 0 in (X(α, β), I1) corresponds to
Li and that the divisor defined by the equation wi = 0 in (X(α, β), I1) corresponds
to L∗i . So we finish the proof. ✷
The cohomology ring of a toric hyperka¨hler manifold X(α, β) is described as
follows.
Theorem 4.6 [Ko1] Suppose that (α, β) ∈ (k∗ × k∗
C
)reg and X(α, β) is a smooth
manifold. Define a ring homomorphism Φ: Z[u1, . . . , uN ] → H∗(X(α, β);Z) by
Φ(ui) = c1(Li). Then the following holds:
(1) The map Φ is surjective. So we have a ring isomorphism
H∗(X(α, β);Z) ∼= Z[u1, . . . , uN ]/ kerΦ.
(2) The ideal kerΦ is generated by the following two types of elements:
(i) (linear relations)
N∑
i=1
aiui ∈ ker ι∗ ∩ (tNZ )∗,
(ii) (nonlinear relations)
∏
i∈J
ui for all J ⊂ {1, . . . , N} such that
⋂
i∈J Fi = ∅.
Remark 4.7 For ǫ ∈ Θcpt(α) we have H(Mǫ(α),Z) ∼= Z[u1, . . . , uN ]/Iǫ, where the
ideal Iǫ are generated by the following two types of elements;
(a) the same as (i) in Theorem 4.6 (2),
(b)
∏
i∈J
ui for all J ⊂ {1, . . . , N} such that (
⋂
i∈J
Fi) ∩∆ǫ = ∅.
To compute the cohomology of the core, we have to take all Mǫ(α) for ǫ ∈ Θcpt(α)
into account at same time. This is the geometric meaning of the nonlinear relations
in Theorem 4.6.
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Remark 4.8 In [HS] Hausel and Sturmfels generalized Theorem 4.6 to orbifold
cases, where the coefficient Z is replaced by R. In Subsection 4.4 we discuss their
proof. Our proof, which will be described in the next subsection, also works for
orbifold cases if Li is considered as an orbi-line bundle on X(α, β).
4.3 Outline of the proofs of Theorems 4.4 and 4.6
Let us sketch the idea of the proofs of Theorems 4.4 and 4.6. By Proposition 3.6 it
is enough to compute the cohomology ring of X(α, 0) for (α, 0) ∈ (k∗× k∗
C
)reg. Let
F1, . . . , FN be the hyperplanes associated to X(α, 0). Let Y1 and C(Y1) be another
toric hyperka¨hler variety and the polyhedral complex associated to the hyperplanes
F1, . . . , FN−1 respectively. By Proposition 3.6, the topology of X(α, 0) does not
change as far as (α, 0) ∈ (k∗ × k∗
C
)reg. Since the variation of α corresponds to
parallel translations of the hyperplanes, we can choose α so that C(Y1) is contained
in one of the components of k \ FN . Then we consider another toric hyperka¨hler
variety Y2 associated to the hyperplanes F1 ∩ FN , . . . , FN−1 ∩ FN . Bielawski and
Dancer expressed the Betti numbers of X(α, 0) in terms of those of Y1 and Y2 by
the Meyer-Vietoris argument. Then by an inductive argument they computed the
Betti numbers of X(α, 0) [BD]. In [Ko1] the author determined the cohomology
ring of X(α, 0) from the one of Y1 and Y2 by a refinement of the above argument.
4.4 Another proof
Another proof was given by Hausel and Sturmfels. In this subsection we explain
their proof. Let us consider a symplectic quotient L(α) = µ−11 (α)/K of H
N by
K, which is a non-compact ordinary toric variety. Note that a toric hyperka¨hler
variety (X(α, β), I1) = (µ
−1
1 (α) ∩ µ−1C (β))/K is a subvariety of L(α). Hausel and
Sturmfels defined the core of L(α), which is a deformation retract of L(α) for
(α, 0) ∈ (k∗ × k∗
C
)reg. Moreover, they observed that the core of X(α, 0) is the
same as the one of L(α). So they proved that the cohomology ring of X(α, 0) is
isomorphic to the one of L(α), which can be computed by the standard argument
for ordinary toric varieties [Ful]. The argument can be considered as a refinement
of the Morse theory. So the properness of a Morse function is important. Since
L(α) is non-compact, Hausel and Sturmfels carefully choose an appropriate Morse
function and computed the cohomology ring of X(α, 0) [HS].
Here we prove that X(α, 0) is homotopy equivalent to L(α) in a different way
from them.
Proposition 4.9 Suppose (α, 0) ∈ (k∗ × k∗
C
)reg. Then L(α) is diffeomorphic to
the product X(α, 0)× k∗
C
. In particular, X(α, 0) is homotopy equivalent to L(α).
Proof. Since (α, 0) ∈ (k∗ × k∗
C
)reg, due to Lemma 3.6, the natural morphism
π2 : (X(α, α2, α3), I2)→ (X(α, 0, α3), I2) is a biholomorphic map for any α2, α3 ∈
k∗. Similarly, π3 : (X(α, 0, α3), I3) → (X(α, 0, 0), I3) is also a biholomorphic map.
So we have a diffeomorphism π3 ◦ π2 : X(α, β) → X(α, 0) for any β ∈ k∗C. Since
L(α) is equal to
⋃
β∈k∗
C
X(α, β), this map induces a diffeomorphism from L(α) to
X(α, 0)× k∗
C
. ✷
We refer the reader to [P] for other methods to compute the cohomology ring
and also for the computation of the equivariant cohomology ofX(α, β) for the torus
action.
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4.5 Another presentation of the cohomology ring
The topology of a toric hyperka¨hler variety X(α, β) for (α, β) ∈ (k∗ × k∗
C
)reg is
determined only by the subtorus K. So we have a presentation of its cohomology
ring in terms of K as follows.
Theorem 4.10 Suppose the same assumption as in Theorem 4.6. Let Λ(1) =
{H(1)1 , . . . , H(1)l } be the set of 1-dimensional isotropy subgroups in K. Fix a non-
zero element Ys ∈ LieH(1)s and set Js = {i ∈ {1, . . . , N} | 〈ui, Ys〉 6= 0} for
s = 1, . . . , l. Then (ii) (nonlinear relations) in Theorem 4.6 (2) can be replaced by
the following;
(ii)′ (nonlinear relations)
∏
i∈Js
ui for s = 1, . . . , l.
Since the above presentation is slightly different from the one in [Ko1], we give a
proof here, assuming Theorem 4.6.
Proof. Let I and I ′ be the ideals in Z[u1, . . . , uN ] in Theorem 4.6 and Theorem
4.10 respectively. First we show I ′ ⊂ I. We have to show ⋂i∈Js Fi = ∅ for any
s = 1, . . . , l. Suppose that there exists p ∈ ⋂i∈Js Fi, that is, 〈π∗p + h,Xi〉 = 0
for all i ∈ Js. Therefore we have π∗p + h ∈ span{ui | i 6∈ Js}. Thus we have
α ∈ span{ι∗ui | i 6∈ Js}. Since (α, 0) ∈ (k∗ × k∗C)reg, according to Lemma 3.6, we
have span{ι∗ui | i 6∈ Js} = k∗. Since 〈Ys, ι∗ui〉 = 0 for all i 6∈ Js, we have Ys = 0.
This is a contradiction. Thus we see that
⋂
i∈Js Fi = ∅.
Next we show I ⊂ I ′. Suppose that ⋂i∈J Fi = ∅. We have to prove that there
exists s ∈ {1, . . . , l} such that Js ⊂ J . First we prove that span{ι∗ui | i 6∈ J} $ k∗.
Suppose that span{ι∗ui | i 6∈ J} = k∗. Then we can choose A ⊂ Jc, where
Jc = {1, . . . , N} \ J , such that {ι∗ui | i ∈ A} forms a basis of k∗. So we can write
α =
∑
i∈A ciι
∗ui. Therefore there exists (z, w) ∈ µ−1(α, 0) such that zi = wi = 0
if i 6∈ A, wi = 0 if i ∈ A and ci ≥ 0, zi = 0 if i ∈ A and ci ≤ 0. If we set
p = µTn,1([z, w]), according to Lemma 4.5, we have p ∈
⋂
i∈Ac Fi ⊂
⋂
i∈J Fi. This
is a contradiction. Thus we proved span{ι∗ui | i 6∈ J} $ k∗. So there exists a wall
Ws such that span{ι∗ui | i 6∈ J} ⊂Ws. This implies Js ⊂ J . ✷
4.6 The hyperka¨hler Kirwan map
Assume that a toric hyperka¨hler variety X(α, β) is smooth. Let H∗K(H
N ;Z) be the
K-equivariant cohomology of HN . Define the map
κZ : H
∗
K(H
N ;Z)→ H∗(X(α, β);Z)
to be the composition of the restriction map r : H∗K(H
N ;Z) → H∗K(µ−1(α, β);Z)
and the natural isomorphism i : H∗K(µ
−1(α, β);Z)→ H∗(X(α, β);Z). The map κZ
is an hyperka¨hler analogue of the Kirwan map for a symplectic quotient. Kirwan
proved that the Kirwan map is surjective for symplectic quotients in R-coefficients
(even if the quotient is smooth) under very weak assumptions. Theorem 4.6 implies
that the hyperka¨hler Kirwan map is surjective for toric hyperka¨hler manifolds even
in Z-coefficients, because H∗K(H
N ;Z) ∼= S∗(k∗Z) ∼= Z[u1, . . . , uN ]/(ker ι∗ ∩ (tNZ )∗),
where S∗(k∗
Z
) is the symmetric power of k∗
Z
. In the orbifold case the hyperka¨hler
Kirwan map
κ : H∗K(H
N ;R)→ H∗(X(α, β);R)
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is also surjective. In [Ko2] the author computed the cohomology ring and proved
the surjectivity of the hyperka¨hler Kirwan map for the hyperka¨hler polygon spaces,
which are hyperka¨hler quotients of HN by certain non-abelian Lie groups. It is
not known whether the hyperka¨hler Kirwan map is surjective or not in general.
Surjectivity of the hyperka¨hler Kirwan map is one of the central topics for study
of the topology of hyperka¨hler quotients.
5 Examples
In this section we give two examples, which illustrate the results in other sections.
The first one is the most fundamental.
Example 5.1 Consider the subtorus K of T n+1 whose Lie algebra k is spanned
by X1 + · · ·+Xn+1. If we denote the dual basis by v ∈ k∗, then we have ι∗u1 =
· · · = ι∗un+1 = v.
The hyperka¨hler moment map for the action of K on Hn+1
µ = (µ1, µC) : Hn+1 → k∗ ⊗ R3 ∼= k∗ × k∗C
is given by
µ1(z, w) =π
n+1∑
i=1
(|zi|2 − |wi|2)v ∈ k∗,
µC(z, w) =− 2π
√−1(
n+1∑
i=1
ziwi)v ∈ k∗C.
Then we have (k∗ × k∗
C
)reg = k
∗ × k∗
C
\ {(0, 0)}.
First we consider the case β = 0. Fix α+ = a+v and α− = a−v, where
a+ > 0, a− < 0. By Lemma 3.4 we have
µ−1
C
(0)α+−ss = {(z, w) ∈ µ−1
C
(0) | z 6= 0}. (5.1)
By Proposition 3.6 we have (X(α+, 0), I1) = µ
−1
C
(0)α+−ss/KC, which is biholomor-
phic to the total space of the cotangent bundle of CPn. Similarly, we have
µ−1
C
(0)α−−ss = {(z, w) ∈ µ−1
C
(0) | w 6= 0}. (5.2)
Therefore we have (X(α−, 0), I1) = µ−1C (0)
α−−ss/KC, which is also biholomorphic
to T ∗CPn.
Next we consider the case β 6= 0. Fix an arbitrary α. Then, by Proposition
3.6, (X(α, β), I1) ∼= (X(0, β), I1) is an affine variety. Therefore (X(α, β), I1) is
diffeomorphic to T ∗CPn, but not biholomorphic as a complex manifold.
By Theorems 4.6 and 4.10 we have H∗(X(α, β),Z) ∼= Z[u1, . . . , un+1]/I, where
the ideal I is generated by two types of elements. The linear relations are gen-
erated by u1 − u2, u2 − u3, . . . un − un+1. The nonlinear relation is generated by
u1u2 . . . un+1. Therefore we have
H∗(X(α, β),Z)
∼= Z[u1, . . . , n+ 1]/(u1 − u2, u2 − u3, . . . un − un+1, u1u2 . . . un+1)
∼= Z[v]/(vn+1).
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Example 5.2 Consider the subtorus K of T 5 whose Lie algebra k is spanned by
X1 +X2 +X4 and X1 +X3 +X5. Let {v1, v2} be the dual basis. Then we have
ι∗u1 = v1 + v2, ι∗u2 = ι∗u4 = v1 and ι∗u3 = ι∗u5 = v2.
The hyperka¨hler moment map for the action of K on H5
µ = (µ1, µC) : H5 → k∗ ⊗ R3 ∼= k∗ × k∗C
is given by
µ1(z, w) =π
∑
i=1,2,4
(|zi|2 − |wi|2)v1 + π
∑
i=1,3,5
(|zi|2 − |wi|2)v2 ∈ k∗,
µC(z, w) =− 2π
√−1(
∑
i=1,2,4
ziwi)v1 − 2π
√−1(
∑
i=1,3,5
ziwi)v2 ∈ k∗C.
We have three 1-dimensional isotropy subgroups H
(1)
1 , H
(2)
1 , H
(3)
1 , whose Lie
algebras are spanned by Y1 = X1 + X3 + X5, Y2 = X1 + X2 + X4 and Y3 =
X2 − X3 + X4 − X5 respectively. So we have three walls W1 = Rv1, W2 = Rv2
and W3 = R(v1 + v2) in k∗. By Proposition 3.6, we see that (α, 0) ∈ (k∗ × k∗C)reg
if and only if α ∈ k∗ \ ⋃i=1,2,3Wi. Connected components of this set are called
chambers. So we have six chambers C1, . . . , C6 in k∗ as in Figure 1. (This is the
chamber structure for β = 0. See Section 6 for the precise definition.)
 
 
 
 
 
 
 
 
 
 
  
r
r r
ι∗u2 = ι∗u4 = v1
ι∗u3 = ι∗u5 = v2 ι∗u1 = v1 + v2
C1
C2C3
C4
C5 C6
Figure 1
W1
W3W2
If we take α1 = sv1 + tv2 ∈ C1, then we have s > t > 0. Moreover, we have
Θcpt(α1) = {ǫ1, ǫ2}, where
ǫ1(i) = 1 for i = 1, 2, 3, 4, 5, ǫ2(i) =
{
1 for i = 1, 2, 4
−1 for i = 3, 5.
The associated polyhedral complex C(X(α1, 0)) consists of all faces of ∆ǫ1 and ∆ǫ2
as in Figure 2, where we take an appropriate coordinate (a1, a2, a3) in (t
3)∗ such
that Fi = {(a1, a2, a3) | ai = 0} for i = 1, 2, 3, F4 = {(a1, a2, a3) | a1 + a2 = s}
and F5 = {(a1, a2, a3) | a1 + a3 = t}. Note that F1 ∩ F2 ∩ F4 = F1 ∩ F3 ∩ F5 =
F2 ∩ F3 ∩ F4 ∩ F5 = ∅.
Let us compute the cohomology ring of X(α1, 0). By Theorems 4.6 and 4.10 we
haveH∗(X(α1, 0),Z) ∼= Z[u1, . . . , u5]/I, where the ideal I is generated by two types
of elements. The linear relations are generated by u2−u4, u3−u5 and u1−u2−u3.
The nonlinear relations are generated by u1u2u4, u1u3u5 and u2u3u4u5. Therefore
we have
H∗(X(α1, 0),Z)
∼= Z[u1, . . . , u5]/(u2 − u4, u3 − u5, u1 − u2 − u3, u1u2u4, u1u3u5, u2u3u4u5)
∼= Z[v1, v2]/((v1 + v2)v21 , (v1 + v2)v22 , v21v22).
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If we take α2 = sv1 + tv2 ∈ C2, then we have t > s > 0. Moreover, we have
Θcpt(α2) = {ǫ1, ǫ3}, where
ǫ1(i) = 1 for i = 1, 2, 3, 4, 5, ǫ3(i) =
{
1 for i = 1, 3, 5
−1 for i = 2, 4.
The associated polyhedral complex C(X(α2, 0)) consists of all faces of ∆ǫ1 and ∆ǫ3
as in Figure 3.
Since C(X(α1, 0)) and C(X(α2, 0)) have different combinatorial structures, the
topology of the core changes. However, by Proposition 3.6, X(α1, 0) and X(α2, 0)
are diffeomorphic. Moreover the core is a deformation retract of the toric hy-
perka¨hler manifold. Therefore we see that the cohomology ring of the core does
not change, even if its topology changes. This is an interesting phenomenon.
The variation of α corresponds to parallel translations of the hyperplanes F1, . . . FN .
On the other hand, according to Theorem 4.6, the cohomology ring of the core de-
pends only on the subsets {J ⊂ {1, . . . , N}|⋂i∈J Fi = ∅}. These subsets are
preserved under parallel translations of the hyperplanes, even if the combinatorial
structure of the associated polyhedral complex changes. This fact corresponds to
the phenomenon mentioned above.
6 Variation of hyperka¨hler structures
In [Ko3], the author described how a toric hyperka¨hler variety X(α, β) changes ac-
cording to the variation of the parameter (α, β). First we can explain the geometric
meaning of the parameter as follows.
Proposition 6.1 Suppose that the subtorus K satisfies the condition that Xi 6∈ k
for i = 1, . . . , N . Then the following holds:
(1) The hyperka¨hler Kirwan map κ : H∗K(H
N ;R) → H∗(X(α, β);R) induces an
isomorphism k∗ ∼= H2(X(α, β);R).
(2) The parameter (α, β) corresponds to the period of the hyperka¨hler structure of
X(α, β). That is , the following holds:
κ(α) = [ω1] ∈ H2(X(α, β);R),
κ(β) = [ωC] ∈ H2(X(α, β);C).
See [Ko3] for the proof. (1) is just a corollary of Theorem 4.6.
Fix β ∈ k∗
C
. Let us describe how the toric hyperka¨hler variety X(α, β) changes
according to the variation of α. The set (k∗×{β})∩(k∗×k∗
C
)reg is homeomorphic to
k∗ \⋃s∈Sβ Ws, where Sβ = {s ∈ {1, . . . , l} | β ∈Ws⊗C}. A connected component
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of the set k∗ \ ⋃s∈Sβ Ws is called a chamber. Note that the chamber structure
depends on β ∈ k∗
C
. See Example 5.2 for a concrete example.
Proposition 6.2 Let k∗ \⋃s∈Sβ Ws be the chamber structure for a fixed β ∈ k∗C.
Suppose that α and α′ belong to the same chamber. Then (X(α′, β), I1) is canoni-
cally biholomorphic to (X(α, β), I1).
Proof. By Lemma 3.4, we have µ−1
C
(β)α−ss = µ−1
C
(β)α
′−ss. So we finish the proof.
✷
Next we discuss the relation between two complex structures corresponding to
different chambers. Namely, we study the so called wall-crossing phenomena.
To do this, let us recall a special bimeromorphic map between complex sym-
plectic manifolds, which was discovered by Mukai [M]. Let X+ be a complex
symplectic manifold of complex dimension 2n, containing a complex submanifold
V+ biholomorphic to CPn. Since V+ is a complex Lagrangian submanifold, its nor-
mal bundle is biholomorphic to the cotangent bundle T ∗V+. Let π : X̂+ → X+ be
the blowing-up along V+. Then the exceptional divisor π
−1(V+) is biholomorphic
to the projective cotangent bundle P(T ∗V+). This can be viewed as the variety of
pairs (p, h) such that p ∈ V+, h ∈ V− with p ⊂ h, where V− is the space of hyper-
planes in V+. Therefore we can blow-down P(T ∗V+) to V− and get a new complex
symplectic manifold X− and the bimeromorphic map f : X+ 99K X−, which is
called the Mukai flop along V+. This construction can be generalized directly to
the case where V+ is a CP r-bundle.
Example 6.3 This is a continuation of Example 5.1. Suppose that β = 0. Let
π± : X(α±, 0) → X(0, 0) be the natural morphism. Then V0 = {[0, 0]} is a set of
singular points in X(0, 0). Note that (0, 0) ∈ Hn+1 is the unique fixed point for
the action of KC. If we set V± = π−1± (V0), then, by (5.1) and (5.2), we have
V+ = {(z, 0) ∈ Hn+1 | z 6= 0}/KC ⊂ X(α+, 0),
V− = {(0, w) ∈ Hn+1 | w 6= 0}/KC ⊂ X(α−, 0),
and V+ ∼= V− ∼= CPn. Therefore, by (5.1) and (5.2) again, we have
X(α+, 0) \ V+ = X(α−, 0) \ V− = (µ−1C (0)α+−ss ∩ µ−1C (0)α−−ss)/KC.
Moreover, by Lemma 3.4, we see that, if (z, w) ∈ µ−1
C
(0)α+−ss ∩ µ−1
C
(0)α−−ss,
then the orbit (z, w)KC is closed in µ
−1
C
(0). Therefore π±|X(α±,0)\V± : X(α±, 0) \
V± → X(0, 0) \ V0 is a biholomorphic map. Thus we have a bimeromorphic map
f : X(α+, 0) 99K X(α−, 0) such that f |X(α+,0)\V+ : X(α+, 0) \ V+ → X(α−, 0) \ V−
is a biholomorphic map. This is a typical example of wall-crossing phenomena and
Mukai flops.
General situations are described as follows. See [Ko3] for more detailed discus-
sions.
Theorem 6.4 Suppose that the subtorus K satisfies the condition (3.6). Let k∗ \⋃
s∈Sβ Ws be the chamber structure for a fixed β ∈ k∗C. Suppose that the chamber
C− is next to the chamber C+ across the wall Ws0 . Let H(1)s0 be the 1-dimensional
isotropy subgroup corresponding to the wallWs0 . Set Js0 = {i ∈ {1, . . . .N} | 〈ui, Ys0〉 6=
0}, where Ys0 is a non-zero element in LieH(1)s0 . Fix α+ ∈ C+ and α− ∈ C−. Fix
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α ∈ C+ ∩Ws0 such that α 6∈Ws for any s ∈ Sβ \ {s0}. Then the following holds:
(1) If we set V0 = {[z, w] ∈ X(α, β) | (z, w)ζ = (z, w) for ζ ∈ H(1)s0 }, then V0 is a
toric hyperka¨hler manifold.
(2) µ−1
C
(β)α±−ss ⊂ µ−1
C
(β)α−ss holds respectively. So we have the natural mor-
phisms π± : (X(α±, β), I1)→ (X(α, β), I1).
(3) If we set V± = π−1± (V0), then π±|V± : V± → V0 is a fiber bundle whose fiber
is biholomorphic to CP#Js0−1. Moreover, the codimension of V± in X(α±, β) is
#Js0 − 1, where #Js0 is the number of elements in Js0 .
(4) The natural morphism π±|X(α±,β)\V± : X(α±, β) \ V± → X(α, β) \ V0 is a bi-
holomorphic map.
Proof. (1) Note that Ws0 can be identified with the dual space of the Lie algebra
ks0 of the quotient torus Ks0 = K/H
(1)
s0 . So (α, β) can be considered as an element
of k∗s0 × k∗s0C. The assumption of α implies (α, β) ∈ (k∗s0 × k∗s0C)reg. Then V0 is a
hyperka¨hler quotient of H{1,...,N}\Js0 = {(z, w) ∈ HN | zi = wi = 0 if i ∈ Js0} by
Ks0 at (α, β) ∈ (k∗s0 × k∗s0C)reg.
(2) By Lemma 3.4, it is obvious.
(3) We can choose Ys0 ∈ LieH(1)s0 so that 〈α+, Ys0〉 > 0. We set J+s0 = {i | 〈ui, Ys0〉 >
0} and J−s0 = {i | 〈ui, Ys0〉 < 0} respectively. By Lemma 3.4 we can show that
µ−1
C
(β)α+−ss = {(z, w) ∈ µ−1
C
(β)α−ss | (6.2) is satisfied}, (6.1)
where
there exists i ∈ Js0 such that zi 6= 0 if i ∈ J+s0 or wi 6= 0 if i ∈ J−s0 . (6.2)
It is also easy to see that, if (z, w) ∈ µ−1(α+, β), then [z, w] ∈ V+ is equivalent to
wi = 0 for i ∈ J+s0 and zi = 0 for i ∈ J−s0 . (6.3)
Thus the fiber of π+|V+ : V+ → V0 is biholomorphic to (CJs0 \ {0})/H(1)s0C. By the
assumption that X(α+, β) is non-singular, we see that the fiber is biholomorphic
to CP#Js0−1. Obviously the codimension of V+ in X(α+, β) is #Js0 − 1.
(4) By Lemma 3.4 we also have
µ−1
C
(β)α−−ss = {(z, w) ∈ µ−1
C
(β)α−ss | (6.5) is satisfied}, (6.4)
where
there exists i ∈ Js0 such that wi 6= 0 if i ∈ J+s0 or zi 6= 0 if i ∈ J−s0 . (6.5)
So (6.3) implies
X(α+, β) \ V+ = (µ−1C (β)α+−ss ∩ µ−1C (β)α−−ss)/KC.
Similarly we have
X(α−, β) \ V− = (µ−1C (β)α−−ss ∩ µ−1C (β)α+−ss)/KC.
On the other hand, by Lemma 3.4, if (z, w) ∈ µ−1
C
(β)α+−ss ∩ µ−1
C
(β)α−−ss, then
the orbit (z, w)KC is closed in µ
−1
C
(β)α−ss. Thus we finish the proof. ✷
Remark 6.5 In the above theorem we assumed the condition (3.6), that is,X(α±, β)
is non-singular. Even if we drop this assumption, almost the same results hold.
The exceptions are that V0 is an orbifold and that the fiber of π±|V± : V± → V0 is
a weighted projective space. The above proof works in this case.
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Proposition 6.6 Under the same assumption as Theorem 6.4 we have the follow-
ing.
(1) If #Js0 ≥ 3, then (X(α−, β), I1) is related to (X(α+, β), I1) by a Mukai flop.
(2) If #Js0 = 2, there exists a biholomorphic map φ : (X(α+, β), I1)→(X(α−, β), I1)
satisfying π+ = π− ◦ φ.
Proof. (1) By Theorem 6.4 (3) and (4), we have a bimeromorphic map
f : X(α+, β) 99K X(α−, β)
such that f |X(α+,β)\V+ : X(α+, β) \ V+ → X(α−, β) \ V− is a biholomorphic map.
By the proof of Theorem 6.4 (3), it is a fiber wise Mukai flop along V+, which we
also call a Mukai flop.
(2) We may assume Ys0 = X1 ± X2. In the following we assume Ys0 = X1 +X2
and 〈α+, Ys0〉 > 0. (In the case Ys0 = X1 −X2, a similar argument works.)
Define a map φ˜ : µ−1
C
(β)α+−ss → µ−1
C
(β)α−−ss by
φ˜((z, w)) = ((w2,−w1, z3, . . . , zN), (−z2, z1, w3, . . . , wN )).
Suppose (z, w) ∈ µ−1
C
(β)α+−ss. Since 0 = 〈β, Ys0〉 = 2π
√−1(z1w1 + z2w2), we
have µC(φ˜(z, w)) = µC(z, w) = β. By (6.1) we have (z1, z2) 6= (0, 0). Moreover, it
is easy to see the following;
if (z, w) ∈ µ−1
C
(β)α+−ss and (w1, w2) 6= (0, 0),
then there exists t ∈ C such that φ˜((z, w)) = (z, w)ExptYs0 .
(6.6)
Moreover, if (z, w) ∈ µ−1
C
(β)α+−ss and (w1, w2) = (0, 0), we have
α ∈
N∑
i=3
R≥0|zi|2ι∗ui +
N∑
i=3
R≥0|wi|2(−ι∗ui).
Thus we see that φ˜((z, w)) ∈ µ−1
C
(β)α−ss. Moreover, by (6.4), we have φ˜((z, w)) ∈
µ−1
C
(β)α−−ss. Therefore the map φ˜ is well-defined.
Note that the map φ˜ is not KC-equivariant. However, it is easy to see that
φ˜((z, w)ExptYs0) = (z, w)Exp(−tYs0). Moreover, if Z ∈ k satisfies 〈ι∗u1, Z〉 = 1
and 〈ι∗u2, Z〉 = −1, then we have φ˜((z, w)ExptZ) = (z, w)ExptZ. If Z ∈ k satisfies
〈ι∗u1, Z〉 = 〈ι∗u2, Z〉 = 0, then we have φ˜((z, w)ExptZ) = (z, w)ExptZ. Thus φ˜
induces a biholomorphic map φ : (X(α+, β), I1)→ (X(α−, β), I1).
Finally, by (6.6) again, we have π+ = π− ◦ φ. ✷
Variation of GIT quotients was studied in [DH] and [T1]. Our cases are more
restrictive, because we are treating with hyperka¨hler quotients. So the bimeromor-
phic map between two quotients is a special one, that is, a Mukai flop. Similar
phenomena were observed in [T2].
In the above proof we saw that there exists a stratification V0 ⊂ X(α, β), which
comes from isotropy subgroups. More generally, if (α, β) ∈ k∗ × k∗
C
\ (k∗ × k∗
C
)reg,
then a point (z, w) ∈ µ−1
C
(β) may have an isotropy subgroupK(z,w) ⊂ K of positive
dimension. So the toric hyperka¨hler variety X(α, β) has a stratification, which
is indexed by the set of isotropy subgroups. Proudfoot and Webser used this
stratification to compute the intersection cohomology of singular toric hyperka¨hler
varieties [PW].
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